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In the linear regime, transport properties of ballistic two-terminal devices are generally considered
to be independent of the direction of the current. This two-terminal reciprocity applies to both the
electron transmission and reflection probabilities. However, it does not apply to the Wigner time
delay. Indeed, four different time delays describe the transmission and reflection processes from
both sides, respectively. Unlike the probabilities, these delays are direction dependent if the channel
exchange symmetry of the scattering matrix is broken.
I. INTRODUCTION
Ballistic two-terminal electron devices are known to
have reciprocal transport properties in the linear re-
sponse regime: the transmission of the electrons through
these devices is independent of their travel direction.
This seems to be obvious, because the transmission and
reflection probabilities have to be independent of the di-
rection of the current flow due to the unitarity of the
underlying scattering matrix. The functions of existing
dissipation-free, two-terminal devices such as capacitors,
inductors and tunnel junctions can entirely be under-
stood by means of transmission and reflection probabili-
ties of electrons. Thus, the strict reciprocity of the device
properties is guaranteed. However, characterizing a de-
vice only by the transmission and reflection probabilities
neglects all temporal aspects of the electron transport
process. These aspects are captured by the phases of the
scattering coefficients, which do not have to be recipro-
cal.
The Wigner time delay is given by the derivative of
the phase of a scattering coefficient with respect to en-
ergy and quantifies the duration of the reflection or
transmission process of a wave packet interacting with
a scatterer1. For a system with two scattering channels,
four time delays exist corresponding to the four entries
of the scattering matrix. Three of these four delays can
be chosen independently by proper design of the scat-
tering region, which allows non-reciprocal Wigner time
delays to be implemented. This contribution focuses on
how the device symmetry controls the (non-)reciprocity
of the Wigner time delays.
Typical Wigner time delays in optical laboratory se-
tups are on the order of nanoseconds, whereas the delays
of electrons traveling through mesoscopic structures are
on the order of femtoseconds. The Wigner time delay
was measured in photonic systems2,3 more than 50 years
after the introductory publication of Wigner and Eisen-
bud1. Direct measurements of the Wigner time delay of
electrons traveling through semiconductor quantum dots
were presented first in 20194.
In the following, it is shown that the transmission de-
lays are non-reciprocal in cases where the scattering ma-
trix breaks time-reversal symmetry. The reflection delays
are non-reciprocal if the scattering matrix is asymmet-
ric with respect to a simultaneous time reversal and ex-
change of scattering channels. The non-reciprocity of the
Wigner time delay is demonstrated with two analytically
solvable examples: an asymmetric potential barrier and
an asymmetric Aharonov-Bohm (AB) interferometer5.
The consequences for both time-dependent and station-
ary wave functions are presented, and implications for
quantum information technology and nanoelectronics are
discussed.
II. SYMMETRIES
To determine the symmetry properties of the Wigner
time delays of a system, a three dimensional scattering
region and two one-dimensional semi-infinite channels are
assumed. The position of the scattering region is given
by 0 ≤ x ≤ R. The first channel extends in negative x
direction (x < 0), and the second one extends in positive
x direction (x > R). Outside the scattering region the
eigenfunctions Φ (r, k) are given by plane waves:
Φ (r, k) =

(
A1e
ikx +B1e
−ikx)
·δ(y)δ(z) for x < 0,(
A2e
−ikx +B2eikx
)
·δ(y)δ(z) for x > R,
Φ˜ (r, k) else,
(1)
with the delta distribution δ, r = (x, y, z), complex am-
plitudes A1, A2, B1, B2 and the wave vector k. Φ˜ denotes
the wave function inside the scattering region. The scat-
tering matrix S transforms the pair of incoming wave
amplitudes into the pair of outgoing wave amplitudes
(B1, B2)
T = S(A1, A2)
T and reads:
S =
(
s11 s12
s21 s22
)
=
(
Γ11e
iφ11 Γ12e
iφ12
Γ21e
iφ21 Γ22e
iφ22
)
. (2)
To satisfy probability conservation, S†S = 1 must
hold. This condition requires Γ211 + Γ
2
12 = 1, Γ12 = Γ21
and Γ11 = Γ22 =: Γ. The scattering matrix then reads
S =
(
Γeiφ11
√
1− Γ2eiφ12√
1− Γ2eiφ21 Γeiφ22
)
. (3)
ar
X
iv
:2
00
9.
07
58
4v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
16
 Se
p 2
02
0
2s21 and s12 (s11 and s22) differ only by a phase factor,
the transmission probability from channel 1 to channel 2
(|s21|2) is identical to the transmission probability from
channel 2 to channel 1 (|s12|2). The reflection probabil-
ities show an analogous behavior. Thus, all four prob-
abilities are invariant under the exchange of scattering
channels, even if the Hamiltonian of the scattering re-
gion does not bear this symmetry.
The consequences of this strict reciprocity are remark-
able: AB conductance oscillations in two-terminal in-
terferometers are always symmetric with respect to zero
magnetic field. Even if the spatial symmetry is broken
by the geometry or by applied gate potentials, it is not
possible to tune the phase of the oscillation pattern con-
tinuously. However, adding further scattering channels
removes this so-called phase rigidity, which makes arbi-
trary oscillation phases possible6.
As seen above, the scattering probabilies are fully con-
strained by the unitarity condition. For the scattering
phases φij , however, unitarity implies only one condition,
namely
φ11 + φ22 = φ21 + φ12 + pi. (4)
The three remaining degrees of freedom are controlled
by two system symmetries: the symmetry with respect to
the channel exchange operator P and to the time-reversal
operator T . Outside the scattering region, the effect of
these two operators on the system eigenfunctions as de-
fined in (1) can be understood without knowledge of the
scattering region. If P is applied to an eigenfunction, it
simply exchanges A1 with A2 and B1 with B2. Applying
T replaces k with −k and conjugates all complex ampli-
tudes A1, A2, B1 and B2. The effect of the symmetry
operations on S is found by applying the operators to
the equation (B1, B2)
T = S(A1, A2)
T . Applying T , we
obtain (
A∗1
A∗2
)
= T S T †
(
B∗1
B∗2
)
. (5)
The time-reversed equation shows that T S T † is the con-
jugated inverse matrix (S−1)∗. Owing to S−1 = S†, ap-
plying T to S is equivalent to transposing S. Applying
P to (B1, B2)T = S(A1, A2)T , we obtain(
B2
B1
)
= P SP†
(
A2
A1
)
. (6)
The channel exchange transposes S and exchanges the
diagonal elements. Thus, the combined operation PT
exchanges only the diagonal elements of s11 and s22. The
following relations hold for the phases of the scattering
coefficients:
S = P SP† ⇔ φ11 = φ22 and φ12 = φ21, (7)
S = T S T † ⇔ φ12 = φ21, (8)
S = PT S T †P† ⇔ φ11 = φ22. (9)
If (7) holds, full reciprocity follows. If (7) is broken, but
(8) holds, (9) is broken as well. Consequently, the trans-
mission phases are reciprocal but the reflection phases are
not. Vice versa, if (7) and (8) are broken, but (9) holds,
the reflection phases are reciprocal but the transmission
phases are not.
In the following, two analytically solvable example sys-
tems are presented, each of which fulfills one of the sym-
metries (8) or (9), but break the other one. The results
are obtained by solving the one-dimensional Scho¨dinger
equation for a free particle with mass m and charge q
in presence of an electromagnetic vector potential A. In
natural units h¯ = q = 2m = 1, the Hamiltonian reads
H = (−i∂x −A)2. (10)
The potential barrier shown in Fig. 1 is time-reversal
symmetric but not invariant under channel exchange.
It fulfills (8) but breaks (9). Figure 1b shows the re-
sulting scattering coefficients as a function of energy.
As expected, both transmission coefficients are identi-
cal and the reflection coefficients differ by a phase fac-
tor. For energies much lower than the barrier height,
the transmission probability vanishes, whereas for ener-
gies much higher than the barrier height, transparency is
approached. As dictated by unitarity, the transmission
and reflection probabilities are identical for forward and
reverse direction.
The asymmetric AB interferometer shown in Fig. 2
consists of four one-dimensional waveguides connected by
two beam splitters. The eigenfunctions in the waveguides
are described by plane waves, and the two beam split-
ters are characterized by the energy-independent three-
channel scattering matrix
SBS =
 0
1√
2
1√
2
1√
2
− 12 12
1√
2
1
2 − 12
 . (11)
As depicted in Fig. 2, channel 1 of each beam splitter
is connected to one of the infinite waveguides leaving to
the left and right. Channels 2 and 3 of the beam split-
ters are connected to the lower and upper interferometer
arm, respectively. The asymmetric AB interferometer is
neither time-reversal symmetric nor symmetric with re-
spect to channel exchange. Both symmetry operations
are equivalent to the reversal of the enclosed magnetic
flux. Thus, the combined operation PT leaves the sys-
tem unchanged, and the interferometer fulfills (9) but
breaks (8). As Fig. 2b confirms, both reflection coeffi-
cients are identical, and the transmission coefficients dif-
fer by a phase factor. The transmission and reflection
probabilities show numerous resonances due to the en-
ergy dependence of the phase difference acquired between
the two arms
∆φ = ∆lk ± 2piΦ/Φ0, (12)
with the magnetic flux quantum Φ0 = h/e = 2pi in the
chosen natural units. The plus and minus sign corre-
spond to the 1→ 2 and 2→ 1 directions, respectively.
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Figure 1. (a) Asymmetric potential barrier embedded in an
infinite waveguide. Scattering channel 1 and 2 correspond
to the waveguide leaving to the left and right, respectively.
The potential is characterized by its width w, the left side
potential height Vl and the right side potential height Vr. (b)
Polar representation of the scattering coefficients calculated
as a function of energy for w = 5, Vl = 0 and Vr = 5 in
natural units h¯ = q = 2m = 1.
If the phase difference ∆φ is a multiple of 2pi and with
SBS as defined above, full transparency follows. Using
Φ0 = 2pi, E = k
2 and the system parameters ∆l = pi4 and
Φ = pi2 , equation (12) shows that transparency is achieved
for E = 4. In all other cases, the behavior cannot be
easily understood by tracing individual paths and their
accumulated phase differences ∆φ because many partial
reflections at the beam splitters and a large number of
round trips in the interferometer may occur along the
paths.
III. NON-RECIPROCITY OF THE WIGNER
TIME DELAY
After the previous section demonstrated the effects of
the system symmetries on the scattering coefficients and
their non-reciprocal phases, in this section the resulting
non-reciprocal Wigner time delays are presented. The
Wigner time delay was introduced by Wigner and Eisen-
bud in 19471 and is defined as the derivative of the scat-
tering phase with respect to energy,
τij = h¯
∂φij
∂E
. (13)
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Figure 2. (a) Asymmetric AB interferometer composed of four
waveguides (black lines) and two beam splitters (gray boxes).
The small numbers 1–3 denote the respective channel indices
of the beam splitter scattering matrix SBS . The composed
system has two channels (bold numbers), which correspond to
the waveguides leaving to the left and right, respectively. The
interferometer is characterized by the enclosed magnetic flux
Φ and the arm lengths l and l + ∆l. (b) Polar representation
of the scattering coefficients calculated as a function of energy
for l = 5, ∆l = pi
4
and Φ = pi
2
in natural units h¯ = q = 2m = 1.
Transparency is achieved for E = 4 (gray line). The phase
jump of pi in the reflection phase is in accordance with the
corresponding zero in the reflection probability.
To understand this definition, it is instructive to study
the undisturbed motion of a Gaussian wave packet first.
According to the Hamiltonian (10), the temporal evolu-
tion of such a wave packet in an infinite one-dimensional
waveguide reads
ψ(k, t) = A exp
(
− (k − k0)
2
2σ2
− ik [x0 + kt]
)
, (14)
where k = ±√E is the momentum. The wave packet is
centered around k0 with width σ in momentum space; in
position space it is centered at x0 + kt. A is the normal-
ization constant. After transmission or reflection, as de-
scribed by one of the coefficients sij = Γije
iφij , the wave
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Figure 3. (a) Wigner time delays of the asymmetric potential
barrier introduced in Fig. 1. Reflection delays are generally
different in forward and reverse direction. (b) Respective plot
for the asymmetric AB interferometer introduced in Fig. 2.
For this system, the transmission delays are non-reciprocal.
function is given by
sij(k)ψ(k, t) = Γij(k)
·A exp
(
− (k − k0)
2
2σ2
− ik
[
x0 + k
(
t− φij(k)
k2
)])
.
(15)
The term proportional to k2 in φij plays the role of
a time delay in the motion of the wave packet’s center.
Owing to the quadratic dispersion E = k2, this term cor-
responds to the first order of the derivative of φij with re-
spect to energy. Figure 3 shows the four resulting delays
as a function of energy for the two systems introduced in
the previous section.
For wave packets, only the scattering phases in a cer-
tain energy window are relevant. If the packet is narrow
in momentum space, this window is small and the scatter-
ing phases are linear in energy to a good approximation.
τij is then energy-independent in the relevant range. For
wider wave packets, the energy dependence of the delay
deforms the wave packet in addition to the broadening
following from the standard E = k2 dispersion.
The Wigner time delay and its role in quantum trans-
port have been extensively discussed7. The literature
also reports numerous non-reciprocal electron transport
phenomena8. Non-reciprocal wave packet dynamics was
shown earlier in5,9. Here, the analytic solution of the
continuous Schro¨dinger equation and the Wigner time
delay as a quantitative measure of the wave packet dy-
namics is presented. Closely related subjects are the vi-
olation of Onsager’s (magnetic field) symmetry in wave
packet transport10,11 and the optical effect called direc-
tional birefringence, which features a velocity that de-
pends on the direction of propagation12.
Both the asymmetric potential barrier and the the
asymmetric AB interferometer are characterized by non-
reciprocal Wigner time delays (Fig. 3). A direct way to
visualize the Wigner time delay is to study the time evo-
lution of wave packets. Figure 4a shows how the de-
viating Wigner time delays τ11 6= τ22 of the asymmetric
potential barrier (Fig. 1) affect the scattering dynamics
of wave packets. A wave packet traveling towards the
system from channel 2 is reflected quickly and the time
spent in the scattering region is short (3 < t < 5). The
mirrored wave packet approaching from channel 1 spends
a longer time inside the scattering region (3 < t < 8) be-
fore ejection. The transmitted wave function is identical
for both cases. Figure 4b shows the respective situation
with the asymmetric AB interferometer (Fig. 2), where
τ21 6= τ12. The wave packet is transmitted quickly if it
approaches from channel 2. The time spent in the scat-
tering region is short (2.5 < t < 7).
In the case where it approaches from channel 1, the
wave packet experiences reflections at the beam split-
ters and spends a longer time (2.5 < t < 10) in the
interferometer5. Almost no reflection occurs because the
transmission probability is exactly 1 at k0 = ±2 and close
to unity in the vicinity of k0.
The time evolution of wave packets is the most di-
rect way to access the Wigner time delay, but its valid-
ity is not limited to time-dependent wave functions. It
is also reflected in the probability amplitude of eigen-
functions inside the scattering region. The relation be-
tween Wigner time delay and eigenfunction amplitude
can be understood easily by taking a closer look at eigen-
functions of the asymmetric AB interferometer (Fig. 2a).
At E = 4, where the device is transparent, the eigen-
function with a plane wave entering only from channel
2 (“fast” direction) consists of left-moving plane waves
only. The respective eigenfunction with plane waves en-
tering only from channel 1 (“slow” direction) consists of
right-moving and left-moving plane waves in the interfer-
ometer arms. The presence of both plane wave directions
in the interferometer arms is necessary for the additional
round trip5 that the wave packet takes in the interferom-
eter in the “slow” direction. To be able to travel back and
forth, the eigenstates making up the wave packet must
contain plane waves of both propagation directions. In
the “fast” direction, the wave packet traverses the inter-
ferometer smoothly without internal reflections. There-
fore the respective eigenstates consist only of plane waves
moving in one direction.
This reasoning generalizes to any energy: The eigen-
functions injecting plane waves in the “fast” direction
consist predominantly of plane waves moving in the same
5(a) (b)
Figure 4. (a) Time-resolved scattering of a wave packet by the asymmetric potential barrier introduced in Fig. 1. In the left
(right) plot, the wave packet is injected from channel 1 (2). The wave packet’s central momentum is k0 = ±2, the momentum
spread is σ = 0.4. The packet position at t = 0 is xL0 = −15 in channel 1 and xR0 = −xL0 + w = −xL0 + l = 20 in channel 2. (b)
Respective plot for the asymmetric AB interferometer introduced in Fig. 2. In the range 0 < x < l, only the probability density
of the wave function in the lower interferometer arm is shown. The wave packet parameters are equal to those used in (a).
direction in the interferometer arms. Eigenfunctions that
inject plane waves in the “slow” direction contain more
counter-moving plane waves in the interferometer arms.
Naturally, these additional plane waves contribute to the
probability amplitude within the scattering region. We
therefore expect the local probability amplitude n, de-
fined as
n(E) =
R∫
0
dx
∞∫
−∞
dy
∞∫
−∞
dz |Φ (x, y, z)|2 , (16)
to be associated with the Wigner time delay. The eigen-
functions Φ are normalized such that the incoming wave
has an amplitude of 1. Figure 5 shows n(E) for both ex-
ample systems and confirms the expected similarity with
the Wigner time delay. The direction with the longer
Wigner time delay τij also has a higher n. A peculiarity
of this relation is that τij is defined in equation (13) as
a derivative with respect to E, thus by all states around
a fixed E. However, n is a property of the unique state
belonging to E.
IV. DISCUSSION
These two prototypical example systems demonstrate
that the Wigner time delay is less constrained by the
unitarity condition than the transmission and reflection
probabilities. Hence, symmetries that are required for
these probabilities are not obligatory for the Wigner time
delay. In particular, reflection and transmission delays
may be non-reciprocal in two-terminal devices. In quan-
tum information technology, the direction-dependent de-
lay of wave packets is relevant for the routing and process-
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Figure 5. (a) Non-reciprocal local probability amplitude n
of eigenfunctions of the asymmetric potential barrier intro-
duced in Fig. 1. Φ1 refers to eigenfunctions with an incoming
plane wave from channel 1 but no incoming wave from chan-
nel 2, Φ2 refers to eigenfunctions with incoming plane waves
only from channel 2, not from channel 1. A comparison with
Fig. 3 confirms that longer Wigner time delays lead to higher
amplitudes of the wave function inside the scattering region.
(b) Respective plot for the asymmetric AB interferometer in-
troduced in Fig. 2.
6ing of flying qubits13. In mesoscopic electronic devices,
the Wigner time delay leads to an additional quantum
capacitance14,15. In both cases, the non-reciprocity pre-
sented here has not been considered so far.
Is it possible to violate the two-terminal conductance
reciprocity if the non-reciprocal delays are combined with
inelastic scattering or interaction effects? The longer
Wigner time delay leads to a higher probability for in-
elastic interaction with defects localized in the scattering
region and therefore affects the conductivity. Thus, in
such cases, non-reciprocal Wigner time delays may lead
to non-reciprocal two-terminal conductance5,9,16. Ana-
lyzing the properties of buckled silicene AB rings, Szafran
et al. have shown that inter-valley scattering converts
oscillations of the Wigner time delay into conductance
oscillations17.
V. CONCLUSIONS
The Wigner time delay is an important characteristic
of the dynamics in quantum transport and is thus of fun-
damental and technological importance9,13–15. The two-
channel case plays a special role because energy conser-
vation dictates reciprocal scattering probabilities. This
reciprocity cannot be broken by means of asymmetry of
the system. The Wigner time delay, however, is non-
reciprocal in two situations:
1. If the scattering matrix breaks time-reversal sym-
metry, non-reciprocity of the transmission delays
follows.
2. If the scattering matrix is asymmetric with respect
to a simultaneous reversal of time and exchange of
scattering channels, the reflection delays are non-
reciprocal.
Furthermore, the Wigner time delay is associated with
properties of individual eigenstates: The longer the delay,
the higher the local probability amplitude of the eigen-
state in the scattering region. The non-reciprocity of
the Wigner time delay may lead to novel quantum gates
for flying qubits. The interplay with decoherence caused
by inelastic scattering may make it possible to violate
the otherwise strictly required two-terminal conductance
reciprocity.
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